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INTRODUCTION

Gallium phosphide (GaP) crystals are character�
ized by a wide range of transparency (from 0.6 to
16 µm [1]) and can be used for electro�, piezo�, and
acousto�optic light modulation in the IR region.
In [2], only the difference in the absolute piezo�optic
coefficients (POCs), π11 – π12, and the coefficient π44

were determined from Raman scattering. In this study
all absolute POCs were found independently. To this
end we performed a complete analysis of the piezo�
optic effect (POE) in gallium phosphide crystals. Spe�
cifically, the analytical description of the POE was car�
ried out, the control stresses were measured by the
interferometric method, and the absolute POCs were
calculated both for the main geometries of the experi�
ment and for the geometries that confirm the reliabil�
ity of POC values. The changes in the optical path
length per sample unit length and unit stress were
determined; these changes characterize the modulat�
ing properties of the material.

RELATIONS FOR DETERMINING 
THE POCS OF GAP CRYSTALS

Gallium phosphide crystals belong to the 
symmetry class; its POC matrix contains 12 coeffi�
cients πim (the subscripts i and m indicate, respectively,
the direction of the vector of light�wave oscillations
and the direction in which uniaxial pressure acts in the
crystallophysical coordinate system), among which
only three POCs are independent: π11, π12, and π44.
The principal coefficients πim (i, m = 1, 2, 3) are

43m

determined based on the known relation (see, for
example, [3]):

, (1)

where δΔk is the change in the optical path of light in a
single�pass (for example, Mach–Zehnder) interfer�
ometer induced by mechanical stress σm, ni is the
refractive index of the sample, dk is its thickness (the
subscript k indicates the light propagation directions
in the sample), and Skm are the elastic compliance
constants of the crystal.

For the method of half�wave stress, where δΔk =
λ/2 (λ = 632.8 nm is the light wavelength) and σm =
σim is the half�wave stress, relation (1) yields

(2)

where = σimdk is the control stress.

Relation (2) describes the POE for a right�cut sam�
ple (the faces of which are perpendicular to the opti�
cal�indicatrix axes X, Y, and Z). For example, the con�
ditions of the experiment with m = 1 and k = 3 allow
for two directions of the light oscillation (polarization)
vector: і = 1 and 2. Then, based on (2), we obtain

(3)

Here, S21 = S12 and π21 = π12, in correspondence with
the matrices of elastic coefficients and POCs of the
crystals belonging to the symmetry class  [1, 4].
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Note that (2) is valid for samples with parallel opti�
cal faces. In the case of insignificant nonparallellity in
real samples (the angle between the faces α = (2�5) ×
10–2 deg), relation (2) takes the form [3, 5]

(4)

where  is the control stress of the sample rotated by
180° along the direction of uniaxial pressure; i.e., the
lower and upper faces (on which the force Fm acts) are
interchanged.

Let us write relations similar to (4) for the coeffi�
cient π44. To this end, we will use Eq. [6], which
describes the change in the optical path in the sample
of X/45° cut (figure) for the experimental conditions
i = 4 (or ), m = 4 ( ), and k =  (4):

(5)

where σ is the mechanical stress (uniaxial pressure
acting along the 4 or  direction (figure)).

Note that relation (5) contains in fact two indepen�
dent equations for the symmetric conditions of the
experiment, which are indicated above (in parentheses
and without them).

The other two equations for determining π44 corre�
spond to the experimental conditions і = 4 (or ), m =
4, and k = 1:

(6)

A similar relation will be obtained under symmetric
conditions: і = (4), m = , and k = 1.

The superscript and subscript at the coefficient π44

in relation (6) correspond to the conditions і = 4 and
, respectively. Since there is no criterion for unam�

biguously determining the positive directions of the X,
Y, and Z axes and, correspondingly, the directions 4
and  in cubic crystals (see [6] for details), relation (6)
cannot be used to unambiguously determine the sign
of the coefficient π44. Relations (5) are free of this con�
tradiction; therefore, they make it possible to deter�
mine both the values and the sign of the POC π44.
However, the absolute value of π44 can be determined
more exactly from (6), because the error of the elastic
contribution (the second term) to δΔ1 is small (it is
determined by only the error of one elastic compliance
coefficient (S12). Therefore, it is necessary to deter�
mine the sign of π44 from (5) and its magnitude
from (6).

Let us reduce (5) and (6) to the form corresponding
to the method of half�wave (control) stresses. To this
end we will substitute λ/2 instead of δΔk and the half�
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wave stress σim instead of σ into these relations and

take into account that σimdk = . In addition, to
eliminate the error of small nonparallelity of the sam�

ple optical faces, we will replace 1/  by the averaged

value of inverse control stresses (1/ + 1/ )/2 (by
analogy with (4)). As a result, (5) yields the following
relation for the conditions і = m = 4and k = :

(7)

For the symmetric conditions і = m =  and k = 4,
we have another independent relation:

(8)

Based on (6), we can write the following relations
for the conditions і = 4, m = 4, k = 1 and і = , m =
4, k = 1:

(9)

(10)

Having subtracted (10) from (9), we can write a
simple relation for determining π44:

(11)

Since (11) does not contain the principal POCs π11

and π12 or the elastic contribution, the error in deter�
mining π44 is small.
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Schematic diagram of the sample of Х/45° cut: directions
1, 2, and 3 correspond to the crystallophysical axes X, Y,
and Z.
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RELATIONS FOR CONFIRMING 
THE RELIABILITY OF THE POE STUDY

The data of different researchers on the physical
properties of GaP crystals differ significantly [1];
therefore, it is important to confirm the reliability of
the POE study. To this end, we will determine the prin�
cipal POCs on the sample of X/45°cut (figure) and
compare them with the principal POCs obtained on
the right�cut sample, the POE in which is described by
simple relations (1)–(4).

Let us sum relations (9) and (10). As a result, we
have

(12)

The value of this sum, π11 + π12, can be compared with
the sum of independent POCs π11 and π12 derived
from (2)–(4).

Note that formulas (5) and (6) are written based on
the method of cutting the optical indicatrix perturbed
by mechanical stress and the characteristic surface of
the strain tensor by straight lines coinciding, respec�
tively, with the direction of the vector і of light wave
oscillations and the light propagation direction (the
method is described in [6]). Using this method, we can
write the other relations for determining the principal
POCs πim (i, m = 1, 2, 3) or their sums for the sample
of X/45° cut. For example, for the condition і = m = 1
and k =  (or 4), we have

. (13)

Relation (13) for the half�wave stresses method, with
allowance for the nonparallelity of optical faces of real
samples, is transformed as follows:

(14)

when changing the light polarization from і = 1 to
і = 4 (or і =  if k = 4) for the previous conditions of
the experiment, we obtain the relations for determin�
ing the POC π12:

(15)
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and a similar relation for π12, with  and 
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Let us change the light polarization for the condi�
tions given by formulas (7) and (8): from і = 4 (or ) to
і = 1; as a result, we have

(17)

or

(18)

A similar relation for π12 can be obtained by replacing

 and  by  and .
Relations (11) and (12) are derived from (6) for the

experimental conditions і = 4( ), m = 4, and k = 1;
having changed these conditions by the symmetric
ones (і =  (or 4), m = , and k = 1), we obtain two
more independent relations for determining π44 and
the sum π11 + π12:

(19)

(20)

Relations (12), (14), (16), and (18)–(20) were used
to find the POCs π11, π12, π11 + π12, and π44 based on
the additional geometries of the experiment on the
sample of X/45° cut.

RESULTS AND DISCUSSION

A study was performed on samples in the form of
cubes ~8 × 8 × 8 mm in size. The experimental values

of the control stresses  and , measured using a
system based on a Mach–Zehnder interferometer, as
well as the values of the POCs π11, π12, π11 + π12, and
π44 obtained from different geometries of the experi�
ment, are listed in Table 1. To calculate the coefficients
πim, we used the values of the refractive index of GaP
crystals, n1 = 3.313 [1] (for t = 20°С, λ = 0.63 µm),
and the elastic coefficients S11 = 9.73, S12 = –2.99,
and S44 = 14.19 [7, 8] (in 10–12 m2/Н = 1 Br (Brew�
ster) units).

We should note the following. The values of the
POCs πim are given with their errors in Table 1. These
errors are calculated as the rms values of errors of the
first and second terms, which enter the equations for
determining πim. Let us calculate, for example, the

4

3
12 14(4) 4(4)

11 12 44 14(4)

1
2

1(2 2 ) ( 1)
4

d n

S S S d n

δΔ = − π σ

+ + − σ −

12 3
1 14 14

1
11 12 44 3

1

1 1
2 '

11(2 2 ) .
2

o on

n
S S S

n

⎛ ⎞λπ = − +⎜ ⎟
σ σ⎝ ⎠

−
+ + −

14
o

σ 14'
o

σ 14
o

σ 14'o
σ

4

4 4

44 3
1 44 44 44 44

1 1 1 1 ,
2 ' 'o o o on

⎛ ⎞λπ = − + − −⎜ ⎟
σ σ σ σ⎝ ⎠

11 12 3
1 44 44 44 44

1
12 3

1

1 1 1 1
2 ' '

1
4 .

o o o on

n
S

n

⎛ ⎞λπ + π = − + + +⎜ ⎟
σ σ σ σ⎝ ⎠

−
+

o
imσ 'o

imσ



CRYSTALLOGRAPHY REPORTS  Vol. 57  No. 1  2012

STATIC PHOTOELASTICITY OF GALLIUM PHOSPHIDE CRYSTALS 127

coefficient π11 (in Br units) for the initial data (Table 1,
row 1) by substituting them into (4):

(21)

Note that the minus sign in the numerators of (21)

was taken from Table 1, where it precedes  and 
and means that the compressive stress reduces the
optical path in the sample (which is determined by
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rotating a plane�parallel plate placed in the way of an
interferometric ray passing through the sample),
whereas the minus sign in the denominators of (21)
corresponds to the sign of compressive mechanical
stress.

The error of the coefficient π11 is calculated pro�

ceeding from the error of ±10% for the sum 1/  +

1/  (this is an objective error, which is verified by

multiple measurements of  and  on different
samples) and an error of ±5% for S12. We should
emphasize that the elastic coefficient S12 in [7] was
determined with an error of ±1.8%; however, since the
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Table 1. Control stresses  = σimdk and absolute POCs πim of GaP crystals

Number of ex�
perimental
geometries

Experimental conditions
 and , kG/cm πim, Br

m k i

Samples of right cuts

1
1 3

1  = –17.6  = –16.1 π11 = –1.43 ± 0.11

2 2  = +81  = +115 π12 = –0.19 ± 0.03

3
1 2

1  = –19.5  = –14.5 π11 = –1.45 ± 0.11

4 3  = +61  = +220 π12 = –0.19 ± 0.03

5
2 1

2  = –16.5  = –16.8 π11 = –1.45 ± 0.11

6 3  = +110  = +85 π12 = –0.20 ± 0.03

7
2 3

2  = –17.1  = –16.4 π11 = –1.44 ± 0.11

8 1  = +95  = +93 π12 = –0.19 ± 0.03

Sample of X/45° cut
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1 4

1  = –16  = –17 π11 = –1.46 ± 0.11
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static experiment is characterized by nonuniform
stress distribution over the sample, the use of the coef�
ficients S12 with an error of ±5% is quite justified.

Note that, when calculating the POC π44 and the
sum π11 + π12 (relations (11), (12)), the error of the
expression in the parentheses was determined as the

rms value of the ±10% errors for the sums 1/  +

1/  and 1/  + 1/  (this also concerns relations
(19) and (20)). When determining π44 based on com�
plex relations (7) and (8), it is also necessary to take
into account the rms errors of the sums of the principal
POCs π11 and π12 and all elastic compliance coeffi�
cients Skm.

The POCs π11 obtained from the four geometries of
the experiment on the sample of direct cuts (Table 1,
rows 1, 3, 5, 7) and from the two geometries of the
experiment on the sample of X/45° cut (rows 9, 11)
coincide within the experimental error. This is also
true for the coefficient π12 (rows 2, 4, 6, 8, 10, 12).
Furthermore, we will use the arithmetic means of the
POCs π11 and π12 obtained from the aforementioned
experimental geometries (see below).

It is remarkable that relations (14) and (16) for π11

and π12 obtained for the sample of X/45° cut are iden�
tical to the corresponding relations for the samples of
right cuts (they can easily be written based on (4)). For
example, for the conditions і = 1, m = 2, and k = 3, we
have

(22)

A comparison of relations (22) and (16) suggests

that the sums 1/σ  + 1/σ  and 1/σ  + 1/σ  are
equal. These sums are also equal to similar sums based

on the control stresses σ , σ , σ , and σ  (rows 2, 4,
6, 8, 10, 12), since the following equalities are valid for

cubic crystals: σ  = σ  = σ  = σ  and σ  = σ  (in
correspondence with the note after (16)). Obviously,

sums 1/σ  + 1/σ  and 1/σ  + 1/σ  for the samples
of right cuts and the sample of X/45° cut are also equal
within the error of the experiment (rows 1, 3, 5, 7, 9,
11).

The sum π11 + π12 = –1.61 ± 0.12, which was deter�
mined on the sample of X/45° cut (rows 16, 20), coin�
cides with a high accuracy with the sum of indepen�
dent POCs π11 and π12 (determined on the sample of
right cuts), which is an additional justification for the
π11 and π12 values.

Note significant differences in the control stresses

σ  and σ , especially in the cases where they are
large (for example, Table 1, rows 4, 12, 14, 20). How�

ever, the sums (1/σ  + 1/σ ) for symmetrically iden�
tical geometries of the experiment are equal within the
errors (±10%) in determining these sums (for exam�
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ple, pairwise rows 1 and 3, 2 and 4, 14 and 18, 16 and
20). This confirms the efficiency of the technique [3,
5] for taking into account the influence of the small
nonparallelity of optical faces of real samples on the
error in determining POCs.

The coefficient π44 was found from four geometries
of the experiment (rows 13, 15, 17, 19). The small
error in determining π44 under the experimental con�
ditions m = 4, k = 1, and і = 4( ) and symmetric con�
ditions m = , k = 1, and і =  (4) is due to the fact that
relations (11) and (19), which correspond to these
conditions, do not contain the principal POCs and
elastic coefficients Skm.

At the same time, under the conditions m = 4, k =
, and i = 4 and the symmetric (with respect to them)

conditions m = , k = 4, and і =  (rows 13, 17), the
coefficient π44 must be determined based on relations
(7) and (8). Since the latter contain the sum of the
principal POCs π11 and π12, as well as the complex sum
of the coefficients Skm, the error of π44 is much larger.
In addition, having substituted the values of the coef�
ficients Skm from [7] into (7) and (8), we obtain π44 =
–0.41 ± 0.25 and π44 = –0.33 ± 0.24 (in Br units).
These large errors and the inconsistency between π44

and the values found based on simple relations (11)
and (19) (rows 15, 19) can be explained by only the
nonobjective value of the sum Skm, which enters (7)
and (8). In this study this sum Skm was found based on
relations (18) in order to determine the POCs π12 on
the sample of X/45° cut, because the coefficient π12, as
well as π11, is found from six geometries of the experi�
ment with a high accuracy (the absolute error in deter�
mining π12 is very small: ±0.03 Br (Table 1, rows 2, 4,
6, 8, 10, 12)). The thus determined ΣSkm value is –
19.4 ± 1.6 (in Br). Having substituted this ΣSkm value
into (7) and (8), we obtain, respectively, π44 = –1.60 ±
0.25 and π44 = –1.52 ± 0.25 (in Br); the calculations
were performed using the arithmetic means of π11 and
π12 from Table 1. These values of the coefficient π44

correspond (within the error of their determination to
the π44 values derived based on relations (11) and (19)
(Table 1, rows 15, 19). Furthermore, we will use the
arithmetic means π44 from rows 15 and 19 of Table 1,
because they are determined with a small error
(±0.11 Br), as well as the arithmetic means of the coef�
ficients π11 and π12, each of which is determined from
six experimental geometries (in Br):

(23)

A comparison with the data in the literature. Canal et
al. [2] determined the POC difference π11 – π12 and
the coefficient π44 (in Br) by Raman spectroscopy:
π11 – π12 = –0.97 and π44 = –1.16. According to the
values reported in (23), both the difference π11 – π12 =

4
4 4

4
4 4

π11 = –1.44 ± 0.11; π12 = –0.19 ± 0.03;

π44 = –1.36 ± 0.12.
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–1.25 Br and the coefficient π44 significantly exceed
the POC values obtained in [2] (by 29 and 17%,
respectively). These differences can be due to two fac�
tors: the large error in determining POCs in [2]
(unfortunately, the errors in studying the POE were
not reported in [2]) and the dependence of the POC
value on the technology of GaP crystal growth. The
latter reason appears to be weightier, because many
physical properties of gallium phosphide crystals
depend strongly on their growth conditions [1].

Based on the coefficients πim and Skm, we can find
the change in the optical path length δΔk per unit sam�
ple length and unit mechanical stress δΔk/(σmdk) and
compare the piezo�optic δΔk(πim) and elastic δΔk(Skm)
contributions to δΔk. To this end, we will write the fol�
lowing relation based on (1):

(24)

This relation is valid for the principal POCs πim (i,
m = 1, 2, 3). For the other geometries of the experi�
ment, the analogs of (24) can easily be written based
on relations (5) and (6). Table 2 contains the values
δΔk/(σmdk) and the corresponding contributions
(piezo�optic and elastic) to the change in the optical
path length for five experimental geometries. The
geometry with large δΔk/(σmdk) values is interesting
for practical applications (for example, photoelastic
light modulation [9–12]). Table 2 shows that most of
the experimental geometries (rows 1, 3, and 4 in
Table 2 and symmetrically identical geometries) are
characterized by large induced changes in the optical
path length. For comparison, the maximum
δΔk/(σmdk) values for lithium niobate crystals, both
pure and doped by magnesium oxide, are 8.0–13.7 Br
[3], whereas for langasite crystals the corresponding
values are 6.25–6.65 Br [5]. The main contribution to
δΔk for the aforementioned geometries of the experi�
ment is from the POE (larger than the elasticity con�
tribution by a factor of 2.5–4.0). The reason is that the
piezo�optic contribution is formed by the large coeffi�
cient π11 (Table 2, row 1) or the large value of the POC

31 ( 1).
2

k
im i km i

m k

n S n
d

δΔ
= − π + −

σ

sum π11 + π12 + π44 = –2.99 Br (Table 2, rows 3, 4).
The small δΔk/(σmdk) values correspond to the small
POC π12 (Table 2, row 2) or the small POC combina�
tion π11 + π12 – π44 = –0.27 Br. Thus, GaP crystals
should be considered among the best photoelastic
materials, as follows from both the values of POCs π11

and π44 and the large δΔk/(σmdk) values.

CONCLUSIONS

The efficiency of the technique for eliminating the
errors of the POE study, which are caused by the small
real nonparallelity of the sample faces oriented per�
pendicularly to the optical ray direction, was con�
firmed by the example of GaP crystals. The relations
for determining the absolute POCs πim or their combi�
nations on the sample of X/45° cut in all possible
geometries of the experiment are presented. It is
shown that the relations for determining the POCs π11

and π12 on the sample of X/45° cut are identical to the
similar relations for the sample of right cuts. The cor�
respondence of the POCs πim or their combinations
obtained on the aforementioned samples confirms the
reliability of their values.

Based on the POCs πim, the specific (per unit
mechanical stress and sample unit length) changes in
the optical path length δΔk/(σmdk), which characterize
the modulation properties of the material, were deter�
mined. Concerning the POC and δΔk/(σmdk) values,
gallium phosphide crystals should also be considered
among the best photoelastic materials.
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